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Z2 X Z2 Coxeter orbifolds are constructed with the property that some twisted 
sectors have fixed planes for which the six-torus can not be decomposed into a 
direct sum T^^T^ with the fixed plane lying in T^. The string loop threshold 
corrections to the gauge coupling constants are derived, and display symmetry 
groups for the T and U moduli that are subgroups of the full modular group 
PSL(2, Z). The effective potential for duality invariant gaugino condensate in the 
presence of hidden sector matter is constructed and minimized for the values of 
the moduli. The effect of Wilson lines on the modular symmetries is also studied. 



The spectrum of states for an orbifold [1, 2] is invariant under discrete transfor- 
mations for the T and U moduh together with the winding numbers and momenta 
on the orbifold. These modular symmetries also appear as symmetries of the string 
loop threshold corrections which are important for the unification of gauge cou- 
pling constants [3-8]. Moreover, the form of the threshold corrections, which is 
dictated to a considerable extent by the modular symmetries, influences the form 
of the non-perturbative superpotential due to gaugino condensation in the hidden 
sector, and so the effective potential that determines the values of the T and U 
moduli [9-15]. 

In the absence of Wilson lines, provided all twisted sector fixed planes are such 
that the six-torus can be decomposed into a direct sum T^ T"^ with the flxed 
plane lying in T^, the group of modular symmetries of the threshold corrections 
is a product of PSL{2, Z) factors one for each of the T and U moduli associated 
with the flxed planes. We shall refer to such orbifolds as decomposable orbifolds. 
However, for non-decomposable orbifolds, the group of modular symmetries is in 
general a product of congruence subgroups [17-19] of PSL{2, Z). Wilson lines can 
also break the PSL{2, Z) modular symmetries [20-23]. 

The modular symmetry groups for string loop threshold corrections have al- 
ready been studied for non-decomposable Zjv Coxeter orbifolds [17, 18, 19, 23]. 
It is our purpose here to extend the discussion to non-decomposable Zm x Zjv 
Coxeter orbifolds. We shall flnd that Z2 x Z2 provides the only examples. 

A large class of orbifolds, the Coxeter orbifolds, can be obtained by taking the 
underlying lattice of the six-torus to be a direct sum of Lie group root lattices and 
constructing the generators of the point group from Coxeter elements, generalized 
Coxeter elements, or their powers for the various root lattices. A Coxeter element 
is the product of all the Weyl reflections for the root lattice. When the Dynkin 
diagram possesses an outer automorphism, we can also make a generalized Cox- 
eter element by using those Weyl reflections associated with points in the Dynkin 
diagram that are not permuted by the outer automorphism together with one of 



the permuted Weyl reflections and the outer automorphism itself [24]. 

To construct T^m ^ '^N Coxeter orbifolds, we need to choose Coxeter elements, 
generalized Coxeter elements, or their powers acting on the direct sum of root 
lattices, such that their eigenvalues give the correct action of the generators of Zj^f 
and Zjv in the complex orthogonal space basis, and such that the generators of 
Tam and Zjv commute. Using only Coxeter elements, we find no examples for non- 
decomposable Tam X Zjv orbifolds. However, if we also deploy generalized Coxeter 
elements, there are examples in the case of Z2 x Z2 point group. 

The generators 6 and a; of Z2 x Z2 have the action on the space basis 



e 



-1,1,-1), 



u 



'1, 



■1). 



A non-decomposable example, in the sense discussed earlier, is obtained using the 
lattice S'[/(4) x 5*0(4) x SU{2). Then, in terms of Coxeter elements, the action 
on the SU{A), SO{A) and SU{2) sub-lattices is given by (c'^{SU{A)),C{SO{A)), l) 

and ( C"^ (5*^/(4) ^^J), /, —1 j for 9 and lo respectively, where C denotes the Coxeter 
element, and C{SU{4:)^'^^) is the generalized Coxeter element for the S'[/(4) lattice. 
Other examples are obtained by replacing 5*0(4) by 5*0(5), G2 or SU{3) and 
C{S0{4)) by C^{S0{5)), C3(02) or C^ (5^7(3) PI). However, all of these have same 
action on the 2-dimensional sub-lattices as C(S'0(4)) and consequently there is no 
relevant distinction between these possibilities for our purposes. We shall focus on 
the 5*0(4) case in what follows. 

The action of 6 and u on the basis vectors ei, ■ 

/ 
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QijCj, = diag 
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, 66 of the lattice is then 
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where I2 is the 2x2 identity matrix, and the eigenvalues of C'^{SU{A)) are 



(—1,-1,1). It is therefore clear that the fixed plane in the 9 twisted sector lies 
partly in the S'[/(4) sub-lattice and partly in the SU{2) sub-lattice so that the 
T^ T"* decomposition does not occur. 

The moduli that occur in the string loop threshold corrections to the gauge 
coupling constants are those associated with fixed planes in some twisted sectors [4] 
(the Af = 2 moduh.) In the present case, the moduh (Ti, Ui), (T2, U2) and (T3, f/3) 
are associated with fixed planes in the u, 9 and 9uj twisted sectors, respectively. 
The (jj twisted sector fixed plane lies in the S'0(4) sub-lattice. Consequently, the 
Ti and Ui dependent threshold corrections have the standard [4] full modular 
symmetry. For the 6 twisted sector, the boundary conditions requires the winding 
number w and momentum p on the orbifold to satisfy 



Qw = w, Q*p = p. 



(3) 



where Q = 0*. Thus, for this sector 
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(4) 



where mi, rriQ, ni and tlq are arbitrary integers. For the 6uj twisted sector, the 
boundary conditions requires 



QQw = w, Q*Q*p = p, 



(5) 



* Q* = Q 



t(-i) 



where Q = f2*, and the corresponding windings and momenta are 
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(6) 



where m'l, m^., n\ and n'2 are arbitrary integers. 

The string loop threshold corrections A^ may now be calculated from partition 
functions for A/" = 2 twisted sectors (/i, g) of the orbifold, where h and g refer to 
twists in the a and t directions, respectively, with both h and g leaving fixed the 
same complex plane. It is convenient [16] to perform the calculation in terms of a 
subset of A/" = 2 twisted sectors {ho, go), referred to as the fundamental elements, 
then, 



{ho,go) J- 



[r,r 



uM=2 



T-2 



(7) 



f 



where ^(/i,p) denotes the moduli dependent parts of the partition functions, ba 
is the contribution of the {h, g) sector to the one loop renormalization group equa- 
tion coefficients, b^^'^ is the contribution of all A/" = 2 twisted sectors, JF is the 
fundamental region for the world sheet modular group PSL{2, Z), and JF is the 
fundamental region for the world sheet modular symmetry group of Zi}^^^„\. Here, 
the single twisted sector {ho, go) replaces a set of twisted sectors that can be ob- 
tained from it by applying SL{2, Z) transformations which generate JF from JF. In 
the present case, the fundamental elements for the non-decomposable fixed planes 
are (/, ^) and {I, Quo). The partition functions Zijq\ Zij^q^\ may now be derived 
using methods for non-decomposable orbifolds discussed elsewhere [17-19] with the 



result 



Z{l,0) 
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where mg = rn'i — m'2. After Poisson resummation of the partition functions and 
r integration [4, 17, 19] we find 

A„ = - bH'^hogl^k ImT2\viT2)\^Im U2H2U2) 



-b'a'''nog{kImT2\viY)\ I^ U2\viU2 



~bi'''''hog(k ImTslvim^Im UM^m') (9) 



(I'^'^)l^Ju r_T^„Ur^3,|4r_ rr_l^/rrM4 



-hi' 'log [k ImTMfWIm Uslvmi 
-b^a'^'hogik ImTi\r]{Ti)\^Im UMUi)\' 



where r] is the Dedekind function, and k = ^ ev 1e) ^ where 7^ the Euler- 

3v3 
Mascheroni constant. The threshold correction A^ is invariant under the target 

space modular symmetry group 

r = [SL{2,Z)]T,x[SL{2,Z)]u,x[r\2)Ux[ro{2)]u,x[r'{2)]T,x[romn (10) 

where To{n) and r'^(?7,) are congruence subgroups of SL(2, Z) transformations de- 
fined by 

T -^ — — -, with c = {mod n) and 6 = {mod n), (11) 

respectively. 



The string loop threshold corrections may now be used to construct the effec- 
tive potential due to duality invariant gaugino condensates [9, 16]. In general, an 
effective potential with a realistic minimum for the dilaton expectation value, and 
so realistic values for the gauge coupling constants, is not obtained in the absence 
of hidden matter sector. When the hidden sector matter is present, the require- 
ment that the effective superpotential should have the correct modular weight can 
prevent the occurrence of such a realistic minimum when there are some A/" = 1 
moduli in the theory [15, 16], i.e., when there are some complex planes which are 
rotated by the action of the point group in all twisted sectors. This difficulty does 
not occur here because all moduli are M = 2 moduli. 

A simple model for the hidden sector matter [15] is to have two factors in 
the hidden sector gauge group (two gaugino condensate) with the matter charged 
under these two factors coupled to singlet scalars Ai and A2 with self couplings 
A^ and A^. In such a model, the perturbative superpotential Wp is given by 

Wp = MAi Y, QaQa + MA2 Y, RpRp + A\ + Al (12) 

a p 

where Qa and Rp are the matter fields coupled to the two factors of the gauge 
group, with M is the string scale. The renormalization group equations for the 
hidden sector gauge coupling constants ga{y)) a = 1,2, at scale /i, are 

9a (^) = 9a (M) + ^^ log—^ + ^^ log^^^ + ^^ (13) 

where (6a)o is the renormalization group coefficient for the pure gauge case, 
ba is the complete renormalization group coefficient, {Ma)j are the intermediate 
scales 

iMa)i = M<Aa>, a = 1,2 (14) 

In general, when the modular group symmetries are congruence subgroups of 



SL{2, Z) the string loop threshold corrections have the form [17, 19] 

- , . (15) 

j Hn ^ nn 

where 6^ , Sq^, V ^ and (5^^^ are the usual [6, 7] duality anomaly and Green-Schwarz 
coefficients for the T and U moduli, lim and Im are rational numbers, and the 
integer- valued coefficients c~in and Cim satisfy 

^ Cjn = ^ Cim = 2. (16) 

n m 

(This ensures that the corresponding non-perturbative superpotential has the cor- 
rect modular weights). In (15), and what follows we have replaced the original Tj 
and Ui by —iTi and —iUi to conform with the notations usually employed in the 
discussion of effective potentials. 

The gauge kinetic function may be read off from (13) and (15), and the corre- 
sponding two-gaugino condensate non-perturbative superpotential Wnp takes the 
form 

2471^3 

Wnp = Yl ^«e ^^"^° A'^'^Ham.Ui), (17) 

a=l,2 

where 5* is the dilaton field, 



and 



t.m *"■ 



The complete superpotential is 

W = Wnp + Wp, (20) 

where 

3}.g = 6'ag = 0, for all i (21) 

as is true for the Z2 x Z2 orbifold. After 'integrating out' the singlet scalars Ai 
and A2, we obtain for the effective potential 

dW ff 
{S + S) \{{Ti + fi){U, + Ui)V,ff = \W,ff -{S + S)^^\^+ 

i 



E {1^^// - (^^ + ^^)^^i' + \^eff - m + u^)^^?] - meffW 



[22) 



with 



where 



W,ff = n{S)^{Ti,Ui) (23) 



{K 



247r 



7} \ ^'^im -j—r / ,U-!.\ ~(^in 



(24) 



*(r.,f/.)=n('K/^)) n(''(r)) 

In the present case, (9) implies that 

vl/(T,,f/,) = (r^{T,)r^{Ui)y^ \{ {viTjU^^MU.M^U,))'' (25) 



Equation (22) has the usual extremum for S at 

niS)-iS + S)^ = 0, (26) 

and it is known [15] that this can give a realistic minimum for 5" with Sr ~ 2 for 
many possible SU{Ni) x SU{N2) hidden sector gauge group with hidden sector 



matter in fundamental SU{Ni) and SU{N2) representations and their conjugates. 
At the minimum for S, 



\n{s)\-\s + s) 1[{T, + f,){Ui + Ui)v, 



eff 



j:{\^-m+T,)^n\^-iu.+u.)^\'}-3m' 



(27) 



Because Sq^ and Sq^ are zero, there are extrema for Ti and Ui at the self-dual (or 
fixed) points of the modular symmetry group (10), 

Ti = 1 or eT, f/i = 1 or e^, T2 = Tg = 1 - z, U2 = U3 = ■^^^- (28) 

These extrema are saddle points and maxima for the fixed points in (Ti, Ui), and 
maxima at the remaining fixed points listed in eqn. (28). 

A numerical minimization of 1^// shows that the minima for Tj and Ui occur 

at 

Ti = Ui = 1.26, T2 = 1.41, 

(29) 
U2 = 0.71 + i, T3 = 1.41, U3 = 0.71 + i. 

This provides an elegant example of an orbifold for which there is an anisotropic 
solution for the moduli. 

To date, it is not known how to calculate explicit string loop threshold correc- 
tions in the presence of Wilson lines. However, it is possible to identify modular 
symmetries that those threshold corrections will possess, and a set of conditions 
to determine these modular symmetries has been written down elsewhere [22, 23]. 
For the Z2 x Z2 case, the inequivalent Wilson lines cibi, 6 = 1, ■ ■ ■ , 6, / = 1, ■ ■ ■ , 16, 
satisfy 

«3/ = au, 2abj G Ae^xE'^ (30) 

The matrices A* of refs [22, 23] can be constructed from ai,j, 

AIb = hiE^B (31) 

where E^ is a vielbein for the Eg, lattice, and the matrices Ki, K2 and K^^ of ref 

10 



[23] are given by 
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(32) 



in the 6 sector and 



/ 1 
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y^l ON^ 

10 







Vo 0/ 



(33) 
in the duo sector. The modular symmetry groups for Ti and f/i may now be deduced 
from (48)-(55) of ref [22], or (5.15) and (5.16) of ref [23]. The modular symmetry 
groups for T2, U2, T3 and U^ may be deduced from (6.13) and (6.14) of ref [23]. A 
simple example is obtained by taking 

/I 1 ON^ 

110 

, 1 110 
A^ = - 

2 00000000 

00000000 

Vo 0/ 

in which case the modular symmetry groups associated with the various T and 
U moduli are as follows. Define the subgroup ro(2) of the congruence subgroup 
ro(2) as in eqn.(ll), but with the additional constraint h = 0{mod2). Then for 



(34) 



11 



TuUi we obtain [P^L(2, Z)]r, , [PSL{2, Z)]u,, for T2 , U2, [fo(2)]r, , [fo(2)]t7, 
and finally for T3 , [/s we find the subgroups [ro(2)]7'3 , [ro(4)]j73 

In conclusion, we have shown that Z2 x Z2 is the only Zm x Zjv Coxeter 
orbifold with a choice of lattice for which the modular symmetry groups, in the 
absence of Wilson lines, are congruence subgroups of SL{2, Z) rather than the 
full modular group. The explicit string loop threshold corrections displaying these 
modular symmetries have been calculated and used to derive the values of the 
T and U moduli by minimizing duality invariant effective potential. Finally, we 
have discussed possible modular symmetries of threshold corrections for Z2 x Z2 
orbifolds with Wilson lines background. 
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